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An Algorithm for Enumerating All Spanning
Trees of a Directed Grapht

S. Kapoof and H. Ramesh

Abstract. We present a® (NV +V 3) time algorithm for enumerating all spanning trees of a directed graph.
This improves the previous best known boundNE + V + E) [1] whenV?2 = o(N), which will be true

for most graphs. Heré\l refers to the number of spanning trees of a graph havirgrtices ancE edges. The
algorithm is based on the technique of obtaining one spanning tree from another by a series of edge swaps. This
result complements the result in the companion paper [3] which enumerates all spanning trees in an undirected
graph inO(N + V + E) time.
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1. Introduction. Spanning tree enumeration in directed graphs is an issue in some
problems encountered in network and circuit analysis [4], [5]. Applications are given on
pp. 252-364 of [4].

The previously best known algorithm due to Gabow and Myers [1] used a searching
technigue based on depth-first search and had a time complexXityNE +V + E) and
a space complexity oD (V + E). HereN refers to the number of spanning trees of a
directed graph with/ vertices and= edges.

The algorithm presented in this paper tak&d\V + V3) time andO(V?) space for
enumerating all the spanning trees. While the space required is more than that in Gabow
and Myers’ algorithm [1], our algorithm is faster wh&ff = o(N). Note that, for most
graphs,N will indeed be large.

Our algorithm uses the paradigm followed in a companion paper [3] for enumerating
spanning trees in undirected graphs. The main fact used is that a spanning tree can be
obtained from another spanning tree by replacing edges in it by edges outside it. We first
obtain one spanning tree of the graph. Then edges external to it are characterized as back,
cross, and forward edges. A cross or forward edge may be exchanged for an edge in the
spanning tree having the same tail, to resultin a new spanning tree of the graph. Repeating
this procedure for all cross and forward edges, gives all spanning trees which can be
obtained from the original spanning tree by an exchange of one edge. The entire procedure
mentioned above is repeated with each of the new spanning trees obtained in order to
generate all the spanning trees of the graph. To preventrepetitions, an indixsiloision
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principle is used which eliminates certain edges from consideration while exchanging.
The computation forest describing this procedure has a number of computation trees.
Each tree in this forest enumerates arborescences rooted at one particular vertex of the
graph. Each node in a particular computation tree represents an arborescence of the
graph, and the arborescences associated with a node and its parent in the tree, differ in
exactly one pair of edges.

Our algorithm can output either all the spanning trees explicitly or in an implicit form
(as in our companion paper on enumerating spanning trees in undirected graphs [3]). The
implicit form corresponds to outputting the first spanning tree explicitly; the remaining
spanning trees are then output as differences from the previous spanning tree in the
sequence of spanning trees to be output. The advantage of the implicit representation
is that it is concise, i.e., has siZ8(N). In either case, our algorithm has the same
performance, as does the algorithm of Gabow and Myers [1].

Note that other than the trivigk (N) bound, no loewr bound for outputting trees
using the above implicit representation is known. It is an open question whether the
performance of the algorithm presented here can be improved to gatdn bound.

An improved algorithm was presented in a paper by the two authors along with another
co-author in the Workshop on Algorithms and Data Structures, 1995 [2]. However, this
algorithm has a bug which has not been removed as of now.

Section 2 gives some necessary definitions, Section 3 gives an outline of the algorithm,
and Section 4 describes the details of the scheme.

2. Definitions. Let G be a directed graph witll vertices,E edges, andN spanning
trees (arborescences).spanning tree of G rooted atig a spanning tree @b having a
unique path from to every other vertex with edges directed away from the vobet
N(v) denote the number of spanning trees rooted @henN = > o N(v).

An exchangdor a spanning tre@ of G rooted atv is a pair of edgese, f), where
ecT,feE-T,andT — {e} U{f}is a spanning tree rooted at An edge not in
a spanning tre@ is aback edgeelative toT if its tail is an ancestor of its head i,
aforward edgeif its tail is a descendant of its head T and across edgetherwise.
Forward and cross edges are collectively referred tmabackedges. Théeast common
ancestor(Ica) of two vertices in a tree is the last common vertex on the paths from the
root to the two vertices. A vertex in a tree is considered to keaestobut not aproper
ancestorof itself. Tail( f) andhead f) refer to the tail and head vertices of edfjén
G, respectively.

3. Algorithm Outline. Inthis section we present an outline of the algorithm for gener-
ating all spanning trees of a directed graph. As in the companion paper [3], a computation
tree is generated as follows. The algorithm starts off with a directed spanning tree,
rooted at particular vertex, All other spanning trees rooted@atire generated fror

by exchanging nontree edges with edges il possible directed spanning trees may

be generated by starting with directed spanning trees at each of the vertices. However,
note that the exchanges in the directed case are more specific due to the nature of the
nontree edges as illustrated by the following properties.
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PrROPERTY1. Everynonbacknontree edge relative to a spanning tree,may replace
exactly one tree edge, in the spanning treenamely the edge having the same tai
result in a new spanning tree rooted at the same vertex.as T

PROPERTY2. A back edge cannot be exchanged for any edge in the spanning tree to
get a new spanning tree

To construct all spanning trees rooted at some particular vertese consider the
computation tree obtained by a search procedure using the principle of inclusion and
exclusion. The search procedure starts off with a tree at the root of the computation tree.
It then constructs sons of the node by the exchange property. From Properties 1 and 2, it
follows that, unlike the undirected case, the exchanges are limited to a single exchange
for each nonback nontree edge.

More formally, 1etCD(G, v) be the computation tree which generates all spanning
trees of the directed grafhwith rootv. At every nodea of CD(G, v) there is a spanning
tree SD, rooted atv. Nodea has two son®l andb2. SDy; is obtained fromSD, by
exchangingf with e, wheref is a nontree nonback edge am@ the unique tree edge
with the same tail a$. SD,; is the same aSD,. The significance df2 is that the subtree
rooted atb2 will not include f in any spanning tree. This is captured by maintaining
two sets,IN and OUT, with every node in the computation trd®l, is the set of all
edges which must be present in the rooted spanning trees that correspond to nodes in
the subtree rooted at the nodeand OUT, represents all edges that are not present in
the same spanning trees. TiNeandOUT sets at sonbl andb2 are obtained from the
parent node as follows:

INpy = INa U{f},
OUTy: = OUT, U{e} U {all edges in E incident upotail(e)} — { f},
INp2 = INg,

OUTy2 = OUT,U{f}.

TheIN andOUT sets for the root node are empty.
We show next thaCD(G, v) suffices to generate all directed spanning tree& of
rooted at vertex.

LEMmA 3.1. CD(G, v) has at its nodes all directed spanning trees of G rooted at
vertexv.

ProOOF The proof follows from induction and the inclusi@gxclusion principle. Let

a be the root node of the computation tree andletandb?2 be its left and right sons.
Let SDy; = SD,—{e} U {f}. Then the computation subtree rootedbdtforms the
computation tre€D(G — { f}, v). The computation subtree rootedbdt generates all
directed spanning trees rootedvatvhich include the edgé. Note that all edges i®

with the same tail ag have been removed in this subtree. This removal is valid since no
spanning tree rooted atand including the edgé may include any of these edges]
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The algorithm for constructing the computation tree follows a recursive strategy. At
the root we start with a directed spanning tree. In general at each apde, have a
directed spanning tree. A nonback edfjgis chosen to construct a new spanning tree by
the exchangée, f), wheree is the corresponding exchange edge given by Property 1.
The same procedure is repeated at the $drendb2 of the node in the computation
tree as described above. Note that to construct the entire subcomputation tree rooted
at each node&, one needs to find the set of nonback nontree edges since every such
edge leads to an exchange resulting in a new spanning tree. An exchange results in
changing this set since some back edges may be converted to nonback or vice versa.
However, we show that if we use a depth-first tree as the starting spanning tree at the
root node and order nonback edges by the postorder number of their tail vertices in the
spanning tree, then no nonback edges are converted to back edges thus simplifying the
changes that need to be determined. We use this strategy in our algorithm in the next
section.

4. Algorithm Description.  This section describes in detail an algorithm for generating
all directed spanning trees &f rooted at a particular vertex

The algorithm begins with a DFS tree@f(rooted at ) at the root of the computation
treeCD(G, r). For each noda of the computation tree, two sai8 and B are main-
tained.NBis a set of those nontree edges which are nonback with respect to the directed
spanning tre&sD, and which are not included i@UT,. NB is maintained as a list of
nonempty lists, with each list containing edges incident upon a particular vertex. The
listsinNBare arranged in postorder number of the corresponding tail ver&3irNote
that insertion of a new edge MB takesO (V) time. B is a set of those back edges with
respect t&@D, which are notincluded i@UT, and which may be useful, i.e., converted to
nonback, at some proper descendartiafthe computation tree. Atthe root6D(G, r),
B contains all back edges with respect to the spanning tree at the root. The data structure
for B will be detailed later. Some of the back edges with respesftowhich have been
identified at node to be not useful in the above manner, constitute th&8gt

At every node in the computation tree, the first edge in the first libiBris used as
an exchange edge. The s&iB and B are updated at every exchange. The updates to
these sets involve transferring edges fr8to NB and removal of edges froB and
NB. It is proved later that these changes suffice and no changedNiBtmB need to be
made. The change of edges fr@rto NB is characterized by the following easily seen

property:

PROPERTY3. Let spanning tree The obtained from spanning tree T by applying the
exchangee, f). If x is a nontree edge which is back with respectto T and nonback with
respect to T, then headx) lies in the subtree of T rooted at t&il), and tail(x) is a
vertex which is a proper ancestor of téfl) and a proper descendant of Igzead f),
tail(f))inT.

Note that at a noda in the computation tree, the first edge in the first lisiiB will
have the tail with the least postorder number (with respect to the spanning tree at the
root) among all edges iNB. The following claim will be important. It follows from the
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following two facts. First, the spanning treeadiffers from the spanning tree at the

root in only that subtrees rooted at tails of edges used for exchanges at proper ancestors
of a in the computation tree have been moved around. Second, none of the ebi@es in

at nodea are incident on vertices in the above subtrees.

CLaiM 1. At node a of the computation trethe first edge in the first list in NB will
have the tail with the least postorder numlferith respect to the spanning tree at a
among all the edges in NB

We now give the algorithm. The algorithm ALGKlain computes a DFS tre€ of
the graph along with the setdéB and B. It then calls algorithn’Gento generate the
entire computation tree in a depth-first manner. Dropping subscripts, we use global sets
IN andOUT. Their values at a nodeof the computation tree will equéil, andOUT,,
respectively.

ALGO Main( G, r)
T <« DFS tree ofG rooted at vertex;
Initialize all data structures;
ComputeNB and B with respect tor;
/* NB (B) contains all edges that are nonback (back) with respeEttp
IN < ¢;
OUT « ¢;
CHANGES<« ¢;
If NB # ¢ then Gen(T);
End ALGO Main;

As in [3], CHANGESIs used to store the differences from the last spanning tree
generated.

ALGO Gen(T)

/* The data structureB, NB, andCHANGESare global to this procedure,
FL is local*/

While NB # ¢ do
FL <« First list in NB;
f <« First edge irFL;
RemoveFL from NB;
e < Unique exchange edge fdrin T;
T <« TU{f}—{e};
IN < INU{f};
OUT « OUTU{e} U {FL} — {f};
CHANGES«+ CHANGESJ{(e, f)};
OutputCHANGES

/*This outputs the differences from the last tree generaged *

CHANGES<« ¢;
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Compute-back-to-nonback T);

/*Computes edges iB which become nonback with respectT6
by virtue of the exchangée, f), removes them fronB, inserts
them intoNB, stores the changes madeNtB andB on STACK*/

If NB # ¢ then Gen(T’);
Undo changes tt\B and B stored inSTACK by the above call to

Compute-back-to-nonbagck

If {FL} # ¢ thenNB « {FL} — {f} UNB;
/* FL with edgef removed is restored as the first listNdB* /
IN < IN —{f};
OUT « OUT —{e} — {edges inFL} U {f};
CHANGES<« CHANGESJ{(f, &)};
End While;
End ALGO Gen;

Before we describe the proced@empute-back-to-nonbaethich updates the sets
NB and B when an exchangée, f) is made onT, we describe the data structures
required to facilitate these updates. The data structurdBowvas described earlier. We
now describe the data structure r We maintain at each nodeof G, a list B[v] of
nontree back edges Bihaving head vertex. This list is ordered by decreasing depth of
the tail vertices (i.e., in order of increasing distance frgrof these edges ifi. Each list
is indexed by an arraj\[v] such that thepth element of the array points to the first edge
inits list, if any, which is incident upon a proper ancestor of npdéno such edge exists
thenA[v][ p] is undefined. Each array has a base veBASHv] associated with it. Any
edge in the lisB[v] which is incident upon a descendantBASHv] is redundant for
future computations in the current computation subtree. In the initialization step, ALGO
Main constructs the data structurBsand A and set8ASHuv] to v, for all verticesv.

The procedure for updatinB is as follows: Letf be the exchange edga, v). Let
a be thelca of u andv in T. To compute all edges which have their heads in a subtree
rooted at node and tails on the path fromto v (a andv excluded) inT, the vertices in
the subtree rooted atare scanned and all the back edges satisfying the above property
are removed from the back edge lists. This is done by accessing the Adnrdyfor
each vertexw in the subtree rooted atwhich satisfies the property thBASHw] is a
descendant d in T. For each such vertex, let j,, be one of the two verticeBASHw]
or v, whichever is closer to the root. Thé&jw] is traversed starting fromA[w]] j,,] till
a back edge whose tail is an ancestoa &f found. All but the last of the edges traversed
above need to be removed frdBnand transferred tdIB. The removal of these edges is
simply effected by settinBASHEw] to a if BASHw] is not an ancestor af. Note that in
this process, back edges which occur befafe][v] in the list B[w] are also implicitly
removed fromB. We note that these edges have both their head and tail in the subtree
of T rooted atv. Since future descendant nodes of the computation tree are constructed
by a postorder scan of the spanning tiegethe subtree off rooted atv is never used
again for exchanges of tree edges. These edges are thus redundant and constitute the set
RBat the current node of the computation tree. We further note that the edBegrn
not removed explicitly but only by updating the base pointer. This helps in restoring the
back edges at the end of the recursive step in the algorithm. Restoration is now done by
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simply resetting the base vertex to its previous value which is stor&IACKbefore
recursion. To updatdlB whenever an exchange is made, each edge removedBrom
and having its tail on the path fromto a (both endpoints excluded) is addedN8 in
O(V) time per edge; this insertion is performed by searciNijin the obvious way
for the tail vertex of this edge. The consequent changes mal8 tre also stored in
STACK

We now give the procedur@ompute-back-to-nonback

ALGO Compute-back-to-nonback( f, T);
/* Let f be the edgéu, v) */
a<«lcau,v)inT;
For every vertexw in the subtree oT rooted atv do
If BASHw] is a descendant afin T then
j < higher numbered of the two verticesBASHw] in T in the
postorder scheme;
Lete be the edge in lisB[w] that is pointed to byA[w][ j];
While eis defined andail (e) is not ancestor cd do
Inserte into NB;
e < Next edge inB[w];
End While;
BASHw] <« One ofa, BASHw], whichever has the higher postorder
number;
/* This deletes the new nonback edges fr&m/
End If;
Store changes made aboveB@ndNB on STACK
End For;
End Compute-back-to-nonback

A Remark on the Data StructuresNote that for each vertex, the arrayA[v] and the

list B[v] does not change explicitly over the course of the algorithm, only the variable
BASHv] does. It can also be seen tlB&SHv] is always an ancestor ofin the spanning
tree at every noda in the computation tree. Lemma 4.2 will show that just changing
BASHuv] suffices in maintainind® correctly.

4.1. Correctness We need the following property to prove correctness.

PrOPERTY4. If f = (u,v) is an edge in NB and b is the Ica of u andn SD,, then
no edge in NB has its head in the subtree of &oted atv and its tail on the path from
b to u (b excludedl

PROOFE This property is essentially true because the depth first nature of the tree is
maintained at every node 6D(G, r) due to the order of selection of the exchange edge
from NB. Define an edge to beligible at nodex of the computation tree if it is not in

SDy, or OUT, and is honback with respect 8. It suffices to show that, at any nogde

of the computation tree, all eligible edges must connect a vertex with higher postorder
number (with respect t8D) to a vertex with lower postorder number.
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We show this by induction on the level af This is true for the root node of the
computation tree because the spanning tree at that node is the DFS Gedsdume
that this is true for any node of the computation tree.

First consider the left sobl of x. Let f = (u, v) be the exchange edge»atind let
e be the edge 18Dy incident uporw. By the choice off and Claim 1tail( f) has the
smallest postorder number (with respectSio,) among the tails of all eligible edges
at x. Hence, none of these edges can be incident upon the subt8ig oboted atv.
After the exchange, the DFS tree changes since the subtree roatéd 8D, moves
its root. This affects the DFS numbering but leaves intact the relative ordering of all
nonback edges since none of these edges are incident on vertices in the subibge of
rooted atv. Thus inSD,; = SD, —{e} U { f}, all edges that are eligible at bath and
x satisfy the property that the postorder number of their tail is lower than the postorder
number of their head with respect 8D,;. Further, the only edges that are eligible at
b1 but not atx are those whose head lies in the subtre8Bf rooted atv and whose
tails lie on the pathP from v to Ica(u, v) (Property 3). By the induction hypothesis,
tail(f) has lower postorder number thlead f) in SDy. After e is exchanged foff ,
the postorder numbers of all vertices in the subtre8f; rooted atv remains greater
than the postorder number of the vertice’in

For the right sorb2 of x, this is trivially true. This proves the property. O

In order to prove correctness of our algorithm, we first prove that the set of crucial
edges, i.e, the set of nonback nontree edgf@$s maintained correctly at each node in
the computation. This is shown by the following lemma:

LEmMA 4.1. During the construction of the computation tree the following changes to
NB and B suffice after an exchange at a node a in the computatian tree

(a) changes from B to NB by Proper3y
(b) deletions from NB according to IN and OUT definitions
(c) removal of RB from B.

PrROOF  Property 4 implies that no edge needs to be transferred iBrto B follow-

ing an exchange. To complete the proof of the lemma, observe that all possible changes
to be made td andNB, except the ones ruled out by Property 4, are made in (a), (b),
and (c). O

The following property follows from the above lemma and the fact that at each node,
the edge ilN\B with smallest postorder number of its tail vertex is chosen for swapping
in. It justifies the removal oRB, from B at any nodex of the computation tree.

PrOPERTYS. Ifanexchangeée, f), f = (u, v),is made ata node x of the computation
tree then the subtree of SPooted atv is preserved as such in each of the trees generated
at descendant nodes of x in the computation. t8eeat node xany edge in B incident
upon a vertex in that subtreis redundant for future computations at descendant nodes
of x and may be removed from B
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LEMMA 4.2. Given NB and B for any node a in the computation traeGO Gen
correctly computes the sets NB and B for the two sbhand 2, of a.

PrOOF We consider the sorsl andb2 separately. Fdol it follows from Lemma 4.1
that the following changes need to be mad&lBand B

(a) Changes from\Bto B by Property 3.
(b) Removal of edges frolNB according tdN andOUT definitions.
(¢) Removal oRB,; from B.

LetSD,; = SD, —{e} U{f}.Let f = (u, v). We note thatf has been chosen as the first
edge inNB, i.e., the first edge in the postordering of the edges by their tail vertex.

Compute-back-to-nonbaclses Property 3 to identify and remove frddrthe edges
which are either converted froiito NB or are redundant for further computations. This
is done correctly by the scan of the back edge list at each of the vertices in the subtree
rooted atv. For the head vertex of every edge which goes from to NB, the value of
BASHSs] is set to thdca of u andv, if it is an ancestor of the current value BASHs].
This implicitly deletes those edges from the data strucB]sg which either go intd\B
or intoRB,;. This is justified by Properties 4 and 5 and Lemma 4.1 which ensure that no
back edges lead from the subtree rooted tat a vertex on the path fromto thelca of
u andv.

By the same justification, also, the arré&jw] is correctly maintained for index
values> BASHuw] for all w. Note that only vertices which are ancestor8&{SHw]
are considered when scanning back edgesBh8Hw] only changes for vertices in
the subtree rooted at Furthermore, a back edge incident onto a vertex which is an
ancestor o0BASHw] remains a back edge, and no new back edges are introduced. Thus
no changes are required &w].

Also note that edges which switch froBito NB at nodebl are inserted into their
correct postorder positions MB. This is because the exchan@e f) does not change
the relative postorder number of vertices outside the subtr8®gfrooted at, and the
edges inserted are not incident on a vertex in that subtree.

Genalso implements the other changes required, i.e., the removal of those edges from
NB which go into theOUT set ofb1l.

For nodeb2, the only changes are deletions according tdithandOUT definitions
which are correctly implemented. O

We can now state thaaLGO Gencorrectly computes all spanning trees without
repetitions.

THEOREM4.3. ALGO Main generates the entire computation tree(GDx ) correctly.
ProOOF Follows from Lemma 4.2. O

4.2. Complexity For the purpose of this section we define a compressed version
CD/'(G,r) of CD(G,r). This is done to take care of the fact that the §@8ndoes not
explicitly generate a tree but is used as a node which eliminates a nonback edge. In fact,
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starting at a nod& of CD(G, r), the entire rightmost path has nodes of this nature. We
can thus compress this path so that the left sons of the nodes along this path are now the
sons of nodex. We thus obtain at each nogesons corresponding to all trees which can

be obtained by one exchange fr@by, maintaining théN andOUT set restrictions as
required by the path.

LEMMA 4.4. ALGO Main outputs the changes corresponding to the compressed com-
putation tree CIXG, r) in O(N(r)V + V?) operations

PROOF At each node of the computation tree, the major work tHEtGO Genper-

forms is the conversion of back edges to nonback and removal of back edges. We let
NBC, be the number of edges that are converted from back to nonback akndte

time for manipulating the data structuld8, B, andSTACK (which includes the time

for undoing changes after recursion) at nodis O(V * (NBC, +1)). This is because

the procedur€ompute-back-to-nonbatakes just constant time for each vertex in the
subtree rooted at (for f = (u, v)), apart from the time to determine edges that are
converted from back to nonback. The time for determining these edges is proportional
to their number. The time for inserting each of these NBis O(V).

All other operations irALGO Gen except the output operation, requidgV) time.

So the total time required bLGO Genminus the output operations equa@sy _(V
NBC)), the summation being over all nodes of the computation tree. Note that at any
nodex in the compressed computation tree, an edge which is converted from back to
nonback is used as an exchange edge at some descendanidhence leads to a new
spanning tree. Therefore, the above summation give3@(r)V) time bound.

Total output operations a®(N(r)) since only exchanges are output and the number
of exchanges output is proportional to the size of the computation tree. Com Bugimgy
NBiinitially require O(V?) time. Computing the DFS tree at the root of the computation
tree require©(V + E) time. The time bound follows. O

LEMMA 4.5. ALGO Main requires QV?) space

PrOOF.  Follows from the size of the data structures involvBdequiresO(V?) space

(in particular, the array#\ require this much spacelNB requiresO(V + E) space.
CHANGESrequiresO(V) space at most since any spanning tree may be obtained by
any other spanning tree by at mast- 1 exchanges\B, B, andCHANGESare global to
procedureGen hence are not stacked on recursion. At every nodEthe computation

tree, the size of the changes storedIMCKis O(V + NBCy) space. We note that

the changes at a recursive step are undone and this eliminates the need of copying data
structures at the expense of a constant factor increase in the number of operations. Since
the computation tre€D(G, r) is generated in a depth-first manner and changes are
added toSTACKonly at the left branches, which a@(V) in number along any path

of the computation tree, the total stack space requirgd(ié? + = NBC,) where the
summation is taken over all nodes on the path to a leaf node. From Lemma 4.1 it follows
that ¥ NBC, is O(E) since no edge moves back froNB to B along the path. The
theorem thus follows. O
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From the above lemmas the following result follows if the above procedure is repeated
with each vertex in turn as root.

THEOREM4.6. All rooted directed spanning trees can be output itNY +V2) oper-
ations and QV?) space

5. Conclusion. An improved algorithm has been obtained for enumerating spanning
trees in directed graphs. This algorithm take\V +V3) time andO(V?) space for
generating the computation tree and outputting relative changes between spanning trees
of a directed graph. This betters the previous best tim@@E) achieved by Gabow

and Myers’ algorithm [1]. Explicit enumeration, if desired, can be done by traversing the
computation tree in an optim&l(NV) time. Our algorithm is not optimal for constructing

the computation tree itself because no lower bound other than the feighd) bound is

known. The existence of a@(N) algorithm for the same remains an open question.
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